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ABSTRACT. We establish a class of area-angular momentum-charge inequalities satisfied by stable
marginally outer trapped surfaces in 5-dimensional minimal supergravity which admit a U(1)? sym-
metry. A novel feature is the fact that such surfaces can have the nontrivial topologies S* x S% and
L(p,q). In addition to two angular momenta, they may be characterized by ‘dipole charge’ as well as
electric charge. We show that the unique geometries which saturate the inequalities are the horizon
geometries corresponding to extreme black hole solutions. Analogous inequalities which also include
contributions from a positive cosmological constant are also presented.

1. INTRODUCTION

There has been significant progress in establishing sharp geometric inequalities, motivated in
part by black hole thermodynamics, which relate the area A, angular momenta 7, and charge
Q@ of axisymmetric stable marginally outer trapped surfaces (MOTS) in spacetimes satisfying an
appropriate energy condition [8, 9]. In spacetime dimension D = 4 a typical example of such an
inequality [16] is given by

(1.1) A > Am\/AT? + Q1

where equality is achieved if and only if the induced geometry of the MOTS arises from a spatial
cross section of the event horizon of the extreme Kerr-Newman black hole. This class of results has
been extended to include contributions from a positive cosmological constant [4, 17], and studied in
the setting of Einstein-Maxwell-axion-dilaton gravity [15, 36, 40]. They have also been used to find
lower bounds for horizon area in terms of (ADM) mass, angular momentum, and charge [10].

Given the significant interest in black hole solutions in spacetime dimension D > 4 [14], chiefly
motivated from the physical point of view by string theory, a natural problem is to generalize such
inequalities to this setting. As is well known, D = 5 asymptotically flat black holes arise as certain
intersecting configurations of D-branes, which are dynamical extended objects in string theory. A
classic achievement of string theory is the calculation of the Bekenstein-Hawking entropy S = A/4
for a large class of extremal 5-dimensional black holes from a quantum statistical counting of such
configurations [38]. Inequalities relating the area, angular momenta, and charge of dynamical black
holes can be translated into corresponding relations on the quantum numbers that characterize the
string states.

This program has been initiated in the work of Hollands [21] (see also [41]), who proved an exten-
sion of (1.1) to D > 4 for vacuum spacetimes, possibly with a positive cosmological constant. The
(D — 2)-dimensional MOTS B was assumed to admit a U(1)”~3 isometry group. This requirement

A. Alaee acknowledges the support of a NSERC Postdoctoral Fellowship 502873 and PIMS Postdoctoral Fellowship.
M. Khuri acknowledges the support of NSF Grants DMS-1308753 and DMS-1708798. H. Kunduri acknowledges the
support of NSERC Grant 418537-2012.

1



2 AGHIL ALAEE, MARCUS KHURI, AND HARI KUNDURI

implies that B must be diffeomorphic to S3 x TP=5, St x §2 x TP=5, or L(p,q) x TP~® where T
is the n-dimensional torus [23]. In particular the elegant inequality

(1.2) A>8m\/| T T

is shown to hold for all stable B, where Jy = jivft are certain linear combinations of angular
momenta 7;, associated to each U(1) generator, and v% are a set of integers which determine the
topology of B. As before, the unique geometries that saturate the inequality are the extreme horizon
geometries corresponding to each of the allowed topologies. The possible vacuum horizon geometries
are completely classified and are in fact known explicitly in closed form [22, 27].

It is worthwhile to elaborate on this point. The term near-horizon geometry refers to the precise
notion of the spacetime geometry in a neighborhood of a degenerate Killing horizon (for a com-
prehensive review, see [30]). For example, the near-horizon geometry associated to the extreme
Reissner-Nordstrém horizon is a product metric on AdSs x S2, while the near-horizon geometry
associated to the extreme Kerr horizon is a twisted S? bundle over AdS,. It is important to note
that different extreme black holes can have the same associated near-horizon geometry (see [33] for
an explicit example in D = 5). A spatial cross section of the event horizon (which is a MOTS) is
a (D — 2)-Riemannian manifold embedded in the D-dimensional Lorentzian near-horizon spacetime.
Therefore, when stating the rigidity results for the area inequalities satisfied by MOTS, we must state
that those saturating the inequality are the extreme horizon geometries induced from a near-horizon
geometry, rather than a particular extreme black hole solution; indeed, there could be more than
one extreme black hole that gives rise to the same induced geometry on B. Of course, in D = 4, an
axisymmetric extreme electrovacuum black hole must be an extreme member of the Kerr-Newman
family [7], and so we can state the rigidity result simply in terms of the induced metric on the horizon
of an extreme black hole solution without reference to its near-horizon geometry.

The purpose of the present work is to establish an extension of (1.2) valid for 5-dimensional
black holes which carry charges sourced by a Maxwell field F'. The simplest relevant theory for this
purpose is minimal D = 5 supergravity. As explained in [2], this theory admits a harmonic map
formulation for stationary U(1)%-invariant solutions (g, F') which plays a key role in establishing the
relevant geometric inequalities. Moreover, all explicitly known charged 5-dimensional black holes
(e.g. the charged Myers-Perry solution, the natural generalization of Kerr-Newman) are solutions
of supergravity; these solutions will serve as model maps in the construction of the proof. An
added motivation is that it is this theory, and not standard Einstein-Maxwell theory, that arises as
a consistent reduction of the ten or eleven-dimensional supergravity theories that govern the low-
energy dynamics of string theory. Therefore minimal supergravity is natural to consider for a number
of reasons.

The key difference between the supergravity setting and the pure vacuum case analyzed in [21]
is that the space of extreme black hole horizons is significantly larger. As we will show, one can
produce a lower bound for the area of admissible MOTS with fixed angular momenta J; and charge
Q@ in terms of an ‘area functional’, which is in turn a certain renormalized Dirichlet energy for
singular maps taking [—1,1] — Gy(2)/S0(4); here Gy refers to the noncompact real Lie group
whose complexification is G2, and the notation 2(2) refers respectively to the rank and character
of the group. The critical points of this functional are simply the harmonic maps corresponding to
horizon geometries of U(1)?-invariant extreme black holes with the same 7; and Q. In contrast to
the D = 5 vacuum case, however, a complete classification of all allowed extreme horizon geometries
is an open problem (see [29] for a partial classification). Indeed, for fixed horizon topology B, one can
have distinct families of extreme horizon geometries. For example, there are non-isometric families
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of extreme black ring horizon geometries (B = S' x S?). In particular, these distinct families have
different expressions for the area in terms of conserved charges. Nevertheless, for a given topology
it is possible to identify a unique extreme horizon geometry by specifying the angular momenta,
electric charge, and so-called ‘dipole charge’.

It is worth emphasizing how this is qualitatively different from the D = 4 Einstein-Maxwell case.
For fixed angular momentum and electric charge, the unique axisymmetric extreme horizon geometry
is that of the extreme Kerr-Newman black hole [6]. This fact underlies the single inequality (1.1).
In our case, rather than establishing a single unified inequality (1.2) valid for all B, we will have
different inequalities which depend on both the topology of B and the range of parameters associated
with conserved charges.

2. DESCRIPTION OF MAIN RESULTS

Consider a five dimensional spacetime (M, g, F') where M is a smooth oriented manifold, g is a
Lorentzian metric with signature (—,+,+,+,+), and F' is a closed 2-form representing a Maxwell
field. Assuming that F' = d.A, the action for D = 5 minimal supergravity is given by

1
3v3
where * is the Hodge dual operator associated to g and A > 0 is the cosmological constant. The
field equations are then expressed as

(2.1) S:/(R—IQA)*l—;F/\*F— FAFAA,
M

1
Rab = QFaCFbC - Tlglezgab + 4Aga67

(2.2) ] 1

*F4+—FAF=0.

V3

Note that in contrast to pure Einstein-Maxwell theory, d x F' # 0. If Ho(M) # 0 then A appearing
in the action is not globally defined and must be constructed from local potentials.

Recall that a marginally outer trapped surfaces (MOTS) is a 3-dimensional spacelike submanifold
B embedded in the spacetime (M, g, F') with 6, = 0. Here 6, is the expansion with respect to the
future pointing outward null normal n and is defined by

. 1
(2.3) Oney = eydivyn = Lney = <2’Yab£n7ab> €y,
where £ denotes Lie differentiation,

(2.4) Yab = 21 (al1p) + Bab

is the induced metric on B with volume form €., and 1is the future pointing inward null normal such
that g(n,1) = —1. The MOTS will be referred to as stable if £6, < 0.
The total electric charge contained within B is given by

(2.5) Q:léw/s(*F+;§AAF>.

Inclusion of the second term in the integrand is motivated by the fact that, as a consequence of the
Maxwell equation in (2.2), the full integrand is a closed 3-form. If, in addition Ha(B) is non-trivial
(e.g. B=S!x S?), a ‘dipole charge’ may be defined by

(2.6) D[C] L /c F

T or
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for each homology class [C] € Ha(B). From the D = 4 setting, this may seem reminiscent of the
magnetic charge, however in D = 5 it turns out that there is no natural notion of a conserved
magnetic charge [2]. Note that if B = S3 (or indeed any lens space), Ha(B) is trivial.

In order to define a suitable notion of angular momenta, let 7¢;, ¢ = 1,2 denote the Killing fields
with orbits of period 27 that generate the U(1)? isometry, so that

(2.7) £y,8=0, Ly F=0.

The angular momentum associated with the generator 7; is then defined by
1 2

(2.8) Tox /s [8(n), )] + Aln)) Ve

The first term of the integrand comes from the standard Komar integral, and the remaining terms
are then appended in order to obtain a closed 3-form yielding a conserved quantity. This is the
spacetime version of the definition in terms of initial data used for the proof of the mass-angular
momentum-charge inequality [2]. Moreover, when F' = 0 this reduces to the definition of angular
momenta used in the proof of the vacuum inequality (1.2). Note that there is an SL(2,Z) freedom
in choosing a basis for the U(1)? generators 1), and hence to define the two angular momenta.

Theorem 2.1. Let (M,g, F) be a bi-axisymmetric solution of 5-dimensional minimal supergravity
with A = 0. If B is a bi-azisymmetric stable MOTS diffeomorphic to S* then

(2.9) A> 877\/ 17

3m/3
and equality holds if and only if (B,~, F') arises from the near-horizon geometry of an extreme charged
Myers-Perry black hole.

T2 +

9

It is important to note that the rigidity statement does not imply that the harmonic map data
arising from (B, ~, F') agree with that of the specified near-horizon geometry. Rather, by stating that
the given data ‘arise’ from the near-horizon geometry of an extreme charged Myers-Perry black hole,
we mean that the given data are related to this near-horizon geometry through an isometry in the
target symmetric space Gy2)/SO(4). The same interpretation applies to the remaining theorems of
this section.

We remark that in the pure vacuum case Q = 0 and the above inequality reduces to (1.2), whereas
if either of the independent angular momenta 7; vanish then

|m|QP
(2.10) A>16 v

which is saturated if and only if the MOTS arises from the near-horizon geometry of the extreme
Reissner-Nordstrom black hole.

Theorem 2.2. Let (M,g, F) be a bi-azisymmetric solution of 5-dimensional minimal supergrav-
ity with A = 0. Let B be a bi-axisymmetric stable MOTS diffeomorphic to S* x S? with Ji, Ja
representing the angular momentum associated with S*, S? respectively.

(a) If @ =0 and J> = 0 then
|71 D?|

2.11 A>dp 22T
(2.11) e
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and equality holds if and only if (B,~,F) arises from the near-horizon geometry of an extreme
singly-spinning dipole black ring.
(b) If Q =0 and J3 > 12’:/3J1D3 then

(2.12) A> 877\/~722 =

™
12¢/3

and equality holds if and only if (B,~, F) arises from the near-horizon geometry of an extreme
magnetic boosted Kerr string.

jlpga

Theorem 2.3. Let (M,g, F) be a bi-axisymmetric solution of 5-dimensional minimal supergravity
with A = 0. If B is a bi-azisymmetric stable MOTS diffeomorphic to the lens space L(p,1), with
Ji=—-F=J and 4Q3 > 3]9\/§7r\72 then

4pQ3
2.13 A>8my| % — p2J?
(2.13) 28\ 3 /o p2J?,

and equality holds if and only if (B,~,F) arises from the near-horizon geometry of an extreme
supersymmetric black lens solution [32, 39].

These three theorems yield area-angular momentum-charge inequalities for each of the possible
topologies associated with bi-axisymmetric stable MOTS. It should be noted that several of the
results require certain restrictions on the parameters found within the inequalities. These restrictions
arise from the particular nature of the known near-horizon geometries on which the inequalities are
modeled. Our method of proof is sufficiently robust that should new near-horizon geometries be
found, an immediate consequence would be new area-angular momentum-charge inequalities for
stable MOTS with the same topology. Thus modulo the classification of near-horizon geometries for
D = 5 minimal supergravity, the techniques of this paper are able to produce all possible inequalities
of this type.

The following result differs from those above in that it includes contributions from a cosmological
constant A > 0 within the inequality. We are only able to treat the case of spherical topology in this
context due to the lack of known explicit solutions with other topologies; in fact it has been shown
that ring type de Sitter near-horizon geometries do not exist in vacuum [26]. Restrictions on the
parameters are needed here only to simplify the expression of the inequality. Indeed, our proof is
valid for the full range of parameters, however a precise statement of the inequality in this generality
is too unwieldy.

Theorem 2.4. Let (M,g, F) be a bi-axisymmetric solution of 5-dimensional minimal supergravity
with A > 0, and let B be a bi-azisymmetric stable MOTS diffeomorphic to S3.

(a) If T :=xT; fori=1,2 and Q =0 then
3
Aas (AVAZEBIRT? - A2 - 12872 72)
<
106 72 — 4
20T (A _VATF 5127r2j2)

and equality holds if and only if (B,~, F) arises from the near-horizon geometry of an extreme
Chong-Cuetic-Lu-Pope (CCLP) black hole with positive cosmological constant.
(b) Ifjl = jQ =0 then

(2.14)

)

4/3
(2.15) 647m2Q* < 12 (A;> — 6AA%,
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and equality holds if and only if (B,~,F) arises from the near-horizon geometry of an extreme
Reissner-Nordstrom-de Sitter black hole.

3. CONSTRUCTION OF POTENTIALS AND RELATION TO CONSERVED CHARGES

In this section we construct scalar potentials, and demonstrate how these potentials encode the
charges and angular momenta defined above. The procedure follows that given in [29] specialized to
the case of the theory (2.1).

Observe that since dF' = 0, Cartan’s formula £x = txd + dix may be used to show that the
following 1-forms are closed, yielding the existence of scalar potentials satisfying

(3.1) A’ = iy, F,
where ¢ denotes the operation of interior product. These may be interpreted as magnetic potentials
and are globally defined in a tubular neighborhood M of B, since the orbit space M /U(1)? is simply

connected [25] and the potentials are functions on the orbit space. To see this last point, note that
the quantities

(3.2) Lo ¥ = tngy oy F

are constants by standard arguments, and since the 7;) vanish at the rotation axes these constants
are zero.
Now define the 1-form

(3.3) T= *x F

iy by

and observe that

_ 1 _ 1 1.2 271
(3.4) dY = %anbn@)d(%{/\ F) = %d (w dy® — p*dyp ) .
This implies the existence of an electric potential satisfying
1
(3.5) dx =T - — (¥ dy? - ?dy') .

V3

With the same reasoning as above, it may be shown that this potential is also globally defined.
In order to construct charged twist potentials for the angular momentum consider the 1-forms

(3.6) 0" = x(na1) Ay Adng)),
which satisfy
(3.7) dO" = 2% (ny) A nez) A Ric(n)))

where Ric denotes the Ricci tensor of the spacetime metric g. With the help of the Einstein equations
(2.2), an involved calculation [29] shows that

(3.8) dO" = =Y Ay, F = d[wz (dx+ fwldw? ¢2d¢1)>].

It follows that there exist globally defined twist potentials such that

(3.9) ¢t = 0" — ¢! [dx + \f(w tdy? — ¢2d¢1)] :

It will now be shown how these potentials are related to the various charges associated with the
MOTS B. Since B is bi-axisymmetric the isometry generators 7;) are tangent to B. We may then
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introduce 27-periodic angular coordinates ¢’ on B adapted to the symmetries, so that N = 0/0¢".
A third coordinate function z arises from the volume form by

(3.10) dz = CVoly (n(1y, n(2), ),

where C is a constant. According to [25] the 1-dimensional orbit space B/U(1)? is diffeomorphic to a
closed interval, and the constant C is chosen so that the orbit space is parameterized by x € [—1,1].
In order to compute the electric charge in terms of the potential x, observe that if w is a 3-form on
B then

1
(3.11) /w:4ﬂ'2/ Lo by W-
B -1

Then using the definition (2.5), (3.3), (3.4), and (3.5) that

™ 1 s
(312 Q=7 [ av=Tam-x-1).

Next suppose that B = S x S? and J g2 ' # 0, so that the vector potential A is not globally
defined. From (3.1) it follows that F' = d¢’ A di)?, and hence
1

(3.13) D= /S F=u(yi(-1) - 4(1)),

where vin(i) (v* € Z) is the Killing field that vanishes at the poles of the S2.
Finally we turn to the angular momenta (2.8). First note that

2 i 1
(3.14) . [«4(%)) (*F oA Fﬂ = —¢ [dx g (gt =Pyt |
Moreover, the formula
(3.15) ix xs = (—1D)*F % (X A¢)

is valid for k-forms ¢ on 5-dimensional Lorentzian manifolds and reveals that

(3.16) Uneay by * A[8(100)s )] = o'
Altogether this yields

T ! i T i
iy " )=4/_1d<—4(<<1>—c<—1>).

4. THE AREA FUNCTIONAL

1
(317) Ji=" / <ei g [dx b (dg? - 2y

We now turn to deriving a lower bound on the area of a bi-axisymmetric stable MOTS B in terms
of a certain area functional. The critical points of this functional will be shown to correspond to
spacetimes that describe, in a precise sense, the geometry in a neighborhood of a (stationary) extreme
black hole. These near-horizon geometries are solutions of the spacetime Einstein equations in their
own right, and will play the role of minimizers in what follows.

In the previous section coordinates (z, ¢!, ¢?) where introduced on B in which the ¢ are adapted
to the U(1)? isometry and z parameterizes the orbit space B/U(1)? = [~1,1]. As in [21] the induced
metric on B takes the following form when expressed in these coordinates

da?

4.1 ondy ™y = =2 N\ dbide,
(4.1) Ymndy"dy" = Gy + Aijde'dd
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where the constant C > 0 has length dimension —3 and is related to the area of B by
(4.2) A =8r2c 1.

The topology of B is characterized by the integer linear combinations of Killing fields that vanish at
the endpoints x = 41, which represent the fixed points of the torus action. Suppose that aitﬁ(i) —0
as ¥ — +1, with @’ € Z. The matrix \;; is rank 2 for z € (—1,1) and has a 1-dimensional kernel
at x = £1 spanned by a’_, that is )\ijaft — 0 at the endpoints. Without loss of generality it may be
assumed that ay = (1,0), a— = (g, p) for some p, ¢ € Z with ged(p,q) = 1. We have (¢,p) = (0,£1)
for S3 topology, (q,p) = (£1,0) for S' x S? topology, and L(p,q) otherwise [21]. Note that the
absence of conical singularities requires
212

(4.3) im & =%
e=El det A - alpal \ij

Following [21, 22, 34|, Gaussian null coordinates (u,r,y"™) may be introduced in a neighborhood
of the MOTS B. Here n = 0, and 1 = 8, are future pointing null vectors which coincide with the
normal vectors of the same notation in Section 2 on B, and satisfy g(n,1) = —1. The coordinates
y"™ are Lie transported off of B by n and 1. This process yields a foliation of the neighborhood of
B, with parameters (u, ), whose leaves are denoted by B(u,r) and for which B(0,0) = B. It can be
shown that in these coordinates the spacetime metric takes the Gaussian null form

(4.4) g = —2du (dr — ar?du — B dy™) + Ymndy™dy",

where « is a smooth function, 8 = §,,dy™ is a 1-form, and ~ is the induced metric on B(u,r). Note
that this expression may be simplified with the help of the coframe

, dx . ,
4.5 et =du, e =dr—ar’du—r(Bydr + Bidd?), € = ———, €' =de',
so that

(4.6) g=—2ete + (e")? + N\je'el.

Lemma 4.1. Let (M,g, F) be a bi-azisymmetric solution of 5-dimensional minimal supergravity,
and let B be a bi-axisymmetric stable MOTS. For any bi-azisymmetric ¢ € C(B) the stability
inequality holds

@.7) [ 2196+ (B + 5 (68,82 - 18] - 27(01) ~ 120) 2 20

where R is the scalar curvature of B, N = Cvdet A0, is the unit normal to the Killing directions
Ny, and T' denotes the stress-energy tensor.

Proof. A computation [24] shows that
1
(4.8) R, —div,3 — i\mi —2T(n,1) — 12A = —20,,6; — 2£10,,.
Since B is a stable MOTS 6, = 0 and £;0,, < 0. It follows that
. 1
(4.9) R, —div,3 — 5|5|3 —2T(n,1) — 12A > 0.

Then multiplying by (2, integrating the divergence term by parts, and applying Young’s inequality
yields the desired result. O



AREA-ANGULAR MOMENTUM-CHARGE INEQUALITIES 9

We now seek to express the integrand of (4.7) in terms of the potentials of Section 3 and the fiber

metric A. Let 8; = 8(n;)) and " = X 3;, then a calculation gives

nay A ey A dng =Bi(—e" Ae” —ret AB) A (det Ael) A €?
(4.10) ; 1,2
— 1N (0:087) det Aet A (CVdet Ae®) Ael A e,

Evaluating at » = 0 yields

(4.11) Bi = CO,
where

i Qi .t 1wl 0? — w2o !
(4.12) 0,=0 (833) = 0"+ (axX+ 3\/§(¢ Ot (atom T )) :

It follows that
(4.13) B3 = (8, N); + XYB:8; = (8, N)3 + €2\ 0,07,
Furthermore a computation [21] shows that

2 2
92det A 1(Ddet)) _1TI(A18M)2]‘

4.14 =C?det \ |—
(4.14) Bty =Cde ! detA 4 (detA)? 4

We now turn to the Maxwell field in order to compute the relevant portion of the stress-energy
tensor. As shown in [29], this field may be expressed as

(4.15) F= delt 5 [ (1) Ay A ) + (det M)Ay Adip]

Since x and 1 are functions of = alone, and

(4.16) Y= 0 = O+ = (01000 = o).

it follows that

(4.17) F=—CY.dune —rCYufiduAde’ + rBoypidu A de — Oppidr A de'.
Next note that

(4.18) Ty = é(*F)aCd(*F)de - iFachc.

Since n = 9, and 1 = J,, a computation shows that (at r = 0)

(4.19) (tnF)e(nF)¢ = C*Y2.

In order to deal with the term involving xF', observe that

(4.20) *(et NeT) = —Vol, = —C'dx A dp' A de?, *(e® Ael) = eé-e"r ANe  Nél,
where € is the volume form associated with A. From (4.15) we then have

(4.21) *F = CY,Vol(v) — C(3,9")Vdet Aejjet Ae™ Aed,

which implies

(4.22) (tn % F)eq(unx F) = 2C%(det \)AY 9,1p 007

Therefore at r =0

(4.23) T(n,1) = C: (T2 + (det NN 0, 0,07 ) .
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It remains to choose ¢ and compute its Dirichlet energy density. Let £ € C°°(B) be a particular
smooth positive function (of x) associated to the relevant extreme stationary black hole solution of
5D minimal supergravity, which satisfies £ = 1 when A = 0. Then set

(1—3:2

4.24 _
424 p= gy = Ve
Note that

2 = =12 1
azm) Vo= 24 W\ﬁ ot = 2L EEE L Lo g,

4 ¢ 2

where
(4.26) |Vg0|2 — %24+ c? + 2 Opdet A C%(1—2?) (9, det \)?

1z 122 detx 4 (deth)y
By combining these formulae we find that the integrand of (4.7) takes the form

1(dzdet )2 Tr(A19,1)? 1 e
2 1— 2 —\Vr z 170 QJ
CA =298 T det a2 1 2detn OO
1 o in 2C%¢ 12A(1 — 2?)¢
4.27 T2 RV W _
(427) Todery L La T et awa¢]>+1_w2 det A
9 (1 —2?)0, det A 9 £
— (29, 2 1—
ca( dotn T2 ) + A2t
Since
(4.28) det \=ce(1—2%)+0(1—2%? as z— +1
for some constants c4, it holds that
(1= 22)8, det A =
— x7)0, de
4.2 2 =0.
(4.29) < dot §+ x£> » 0

Therefore in light of Lemma 4.1 the following area functional is nonpositive

. +1 9 1 1 2 6A£ 5,2
(4.30) J_/lf{(l—x)f—l_ﬂ} dm—i—/l(l—x)(CQdet)\ 4€>d <0,

where
} (0 det )\)2
8 (det \)?

1
4 o'\ le, +
8

with ©F = (61,02) and ¢T = (¢!, ?).

4.31 I = Tr(A 19,02 + T2 LT AT,
(4.31) (AT0:A)" + 4th 4th + (M’A utp

5. RELATION TO NEAR-HORIZON GEOMETRIES OF EXTREME BLACK HOLES

In this section the relationship of the area functional Z to a harmonic energy will be described. The
latter arises from the reduction of Einstein’s equations on U (1)2-invariant spacetimes. In particular,
the critical points of this functional give rise to near-horizon geometries. For simplicity, the discussion
here will be restricted to the case A =0 and £ = 1.

Observe that the functional may be reorganized as

+1 dX4 dxB 1
5.1 = 1—-22)G - dx <
(5.1) -/ [( TS SO . A
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where I has been expressed as the pullback to the orbit space [—1, 1] of the nonpositively curved
metric on symmetric space Gy(z)/SO(4) given by

(ddet \)* | Tr(\'dN)? | NIO'OT Y Ndyidy?

9 dXAdXB =
(5.2) Gap 8(det \)2 + 8 + 4det A + 4det A 4 7

with target space coordinates X = ()\ij,{’i, X, %"); note that T and ©° are given in terms of these
coordinates by (3.5) and (3.9) respectively. Hence J is related in a rather simple way to the Dirichlet
energy of maps [—1,1] — Gy(2)/SO(4). Furthermore it turns out that the target metric (5.2) may

be given conveniently by
1
1—6Tr(/\/l‘1d/\/l/\/l‘1d/\/l),

where M is a positive definite, unimodular coset representative of Gy(9)/SO(4) constructed from the

(5.3) GapdX*dX® =

scalars X4 whose specific form will not be required here (see, e.g. [29]).

In what follows it will be shown that J vanishes on harmonic maps, and that these harmonic maps
arise from near-horizon geometries. To begin, consider a 5-dimensional spacetime (M, g, F') which
admits a U(1)? isometry subgroup. The metric may be expressed in the general form

h,dxztdz”  ~ o L )
(5.4) g = 4 )\,’j(dgf)Z + w')(d¢? + w?)
detA
where as before 8432-, i = 1,2 generate the isometry group and z* represent coordinates on a 3-

dimensional ‘base space’ Mz with Lorentzian metric h. The w® = wzdx” are 1-forms on M3 which
measure the obstruction of the Killing fields to being hypersurface orthogonal, and S\ij are functions
on Ms. Thus the spacetime can be viewed as a T? fibration over Ms. In addition, the decomposition
of the Maxwell field into scalar potentials has been discussed in Section 4.

Now suppose that (M, g, F') is a solution of the field equations of minimal supergravity (2.2). Upon
reduction it can be shown that the resulting equations describe the critical points of a 3-dimensional
theory of gravity coupled to a wave map (nonlinear sigma model) with action

(5.5) S[h, X] = / (R, — 21" G 48, X9, XP) Voly,
M3
where Ry, is the scalar curvature of h. The reduced field equations are then given by
1
Ric(h),m = gTr(M‘lauMM‘l&,M),
VM 9,M) = 0.

(5.6)

As is well known, a similar reduction occurs for other gravity models reduced on tori, most notably
pure vacuum gravity and D = 4 Einstein-Maxwell theory.

Let us further assume that the spacetime contains a degenerate Killing horizon. This means that
there is an embedded null hypersurface N on which |[V| = 0 and ViV = 0, for some Killing field
V. A cross-section of N is a spatial 3-dimensional manifold H, which will be taken to be closed.
The most important examples of such spacetimes are extreme stationary black holes with horizon
cross-sections H. In a neighborhood of N one may introduce Gaussian null coordinates, and take
the near-horizon limit [30] to find the near-horizon metric

(5.7) gnr = —2du(dr — r2a(y)du — rBm (y)dy™) + Fmn (y)dy™ dy"
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where @ and § are a smooth function and a 1-form on the 3-dimensional closed manifold (H, 7).
Note that V = 9, and that A is defined by r = 0. Thus the near-horizon geometry is characterized
completely by the triple (&, Brn, Amn), which are collectively referred to as the near-horizon data.

This near-horizon geometry inherits the U(1)? isometries from its ‘parent’ spacetime. In fact it is
shown in [33] that there is an ‘enhancement of symmetry’ from R x U(1)? to SO(2,1) x U(1)%. Tt
follows that the near-horizon metric and Maxwell field take the form [29, 33]

_ 2du dz? < i bzrdu rdu

P —d [ardu sz( ) (dd)’ blrduﬂ .

The constants £ and L are length scales introduced so that certain coordinates are dimensionless,
Z(z) > 0 and v;(z) are smooth functions on H, and a, b’ are constants. Observe that the 2-
dimensional metric in the first square bracket is that of AdSs. Hence a near-horizon geometry can
be though of as (in general a twisted) H bundle over AdSs. Note that when b’ # 0, the action of
SO(2,1) will transform rdu by an exact function, which can be compensated by a corresponding
U(1) shift in the appropriate angular coordinate. It is easily seen that the near-horizon geometries
of extreme Reissner-Nordstrom (AdSy x S?) and the extreme Kerr (a twisted fibration of S? over
AdSs) both fall into the above general class.

The near-horizon data may be identified with harmonic map coordinates in the following way;
explicit details are given in [29]. Set ¢! = L¢’ and (x!, 2%, 23) = (v,7, ) then

r2du? birdu

(5.8)

(5.9)  hydatds” = L*da® + Zdet A(z) [— T 2dudr] . W= 7 Nij = L2\
As for the potentials
(5.10) Y = —Lij;,

and

Llat+biy) L* (- - - -
(511) &CX = # - ﬁ (wﬁm% - %&ﬂh) .
Furthermore a calculation shows that
L3bI N\
7361%

—
fumy

(5.12) e =
which implies that the charged twist potentials are given by
L3bJ AU

=

2

(5.13) Byl = Vg (

+L%[M+ DnOyths — wmwﬂ.
Note also that C = L=3.

In summary, given a near-horizon geometry we can read off the corresponding harmonic map data
(Nij, ¢4, x, 1"), and the process can clearly be reversed to solve for (S\ij,z/;i,bi,a). It is also evident
that the matrix M defined above is a function of x alone. Using this, the coupled 3D gravity-
harmonic map equations (5.6) may be simplified. The (uu) and (ur) components of the Einstein
equations yield
2

L
(5.14) DX(Edet \) + 255 =0
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so that
2

(5.15) Zdet \(z) 1—2?),

where we have used the fact that Zdet A vanishes at z = +1 (where S\ij has rank 1). Note that the
induced metric on a horizon-cross section H is then
2= (x)dx?

(5.16) T—o7)

+ \ijdode .
The harmonic map equations reduce to
(5.17) O [(1 =2 )M 19, M] =0,

and coincide with the Euler-Lagrange equations for the functional J. Thus, the near-horizon geome-
tries are critical points of J. Furthermore, the (zz) component of the 3D Einstein equations (5.6)
place an algebraic constraint on M. Namely, direct integration produces

(5.18) (1 -2 )M 1o M = M,

for some constant matrix M. Since
2
it follows that Tr(M3) = 16. The remaining components of the 3D Einstein equations are automat-
ically satisfied. This shows that determining a near-horizon geometry is equivalent to solving (5.17)
for the harmonic map scalars.
Finally, observe that for a near-horizon geometry the above calculations show that

(5.20) (1—2%)°Tr [ M MM 9, M| = 16.

Hence J = 0 when evaluated at near-horizon geometries.

(5.19) Ric(h)es =

6. REPARAMETERIZATION OF THE TARGET AND AREA LOWER BOUND

Suppose that B is diffeomorphic to L(p,q) where p and ¢ are mutually prime integers, and let
ayney and a’ng) be the linear combinations of the U (1)? generators which vanish at = 1 and
x = —1, respectively. This is equivalent to
(6.1) a’ ;=0 atz=1, a’XNj =0 atz=—1,

and without loss of generality [21] these direction vectors may be chosen to be

(6.2) ay = (é) . a.= (Z) .

In order to rewrite the area functional J in a more convenient form, first transform the lens direction

vectors to that of the sphere. Namely set
(1 ¢ (1 _% o\ 71 AN (o
(63) Z = <0 p> ’ Z - <0 % ) ¢2 =7z &2 ) ¢32 =Z ¢2 )

so that
(6.4) Nijdd'de) = (ZTAZ),; d'de’
N———
)\ij
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(65) di_;\ij =0 atx=1, at j\ij =0 at x=—1,

(6.6) ay = <(1)> , a_ = <(1)> .

Next select the following reparameterization of the A\ target space variables

(6.7) A1 = €2U+V(1 — x) cosh W, Aoy = eQU_V(l + x) cosh W, A2 = e?U\/1 — 22sinh W,

or rather
2U
(6.8) A1 =2V (1 —z)cosh W, Mg = - (\/ 1 — 22sinh W — ge¥ (1 — ) cosh W) ,
p
62U
(6.9) Ao = e (quV(l — x)coshW — 2¢/1 — 22sinh W + e~V (1 4 z) cosh W) ,

with inverse transformation
1 det A
U=-1 —_
4% <p2(1 - xQ)) ’
1 ((1 +x))\11> 1 ( p*(1+ )\ )
2 (1 — x))\QQ 2 (1 — l’) [q2/\11 — 2q/\12 + )\22] ’

o A2 ) 1 ( A2 — qA11 >
W =sinh™! [ —==——) = sinh s T ).
<62U\/1 — x? pe2Uy/1 — z2

Note that the regularity condition (4.3) becomes

(6.10)

1— 2\2 2 1— 2\2
(6.11) R P k) S VRS U k0
z—=+1 det \ - aitazt)\ij z=%1 det \ - dﬁtaitAij

and therefore

CQ
(6.12) lim e 6U-V = .
rz—+1 2])2

Moreover using (4.2) produces

C? 327t
(6.13) E(V +62U) =—(1)+&(-1)log | =— | = 2a¢log | 5 |,
R <2p2> ¢ <p2A2>
where
(6.14) qe = L FECD
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Let us now compute each term in J. Observe that

(1 a2 (1 (0, det \)? Tr()\_lc‘)x)\)2> 1

8 (det \)2 8 1 —2a?
1(9zdetA)?  Tr(A\19,1)? 1
:(1_1,2) 7(8 e_ ) + I‘( 0 ) _ >
(6.15) 8 (det )\)2 8 1—z
1—2? 2 2 2, 12 2
- {12 (D502 + (8,V)2 + (8,W)2 + sinh® W (9,V + phs) }
1 3
where
1 1—=
. =-1 .
(6.16) ha 5 og(1+m>
Furthermore
1 1 1
el " le T2 + -0, \710
4det A " T Tdetn e T %Y =
1 T 3 —1 T 1 2 1 T 73—1,,T
4det)\@$ © +4det)\ x+431/1 ut)
—6h1—6U—ho—V . . _ o\ 2
(6.17) :pze - (B1)2 4 p2e—6m—6U+hatV oo 117 (efhg—v tanh WOL — 9%)
cos
ge MUY o oh—aUthatV ha—V 71 T2\2
+p p— (0p1)? + pPe 2= 2UthatVcosh W (e 27V tanh W' — 0,9?)
n p26_4h1_4UTi,
where
_ — 1
(6.18) 0,=2%e,, v=2z%, h= 7 loe(1 - z?).
Then setting = = cos 6, integrating by parts, and using the regularity condition (6.13) produces
N 327t 0
(6.19) J= IL(ZMJ) + ag log W - ﬁga
where
o [T ((0€)? 3.\ .
(6.20) Be = /0 ( 2% + Zf sin 0d0
and
Tr(p.g)(¥)

:i / ¢ {12(89U)2 +(0pV)? + (9gW)? + sinh® W (3pV + Ophs)?
0

e e o Gh—6UthatV ha—V A1 52)2
(6.21) +p cosh v (©g)" +p7e ™™ 2TV cosh W (e >~V tanh WO, — @9>
—2hy—2U—hy—V

e

cosh W

(891/;1)2 + p26_2h’1_2U+h2+V cosh W(e‘hrv tanh Wagl/;l - 89&2)2

+p

A
2v/272

2
+ ple m=AUY2 4 32N < > e W — ¢ 2V 95 + 12U0p (cos 6€)] aghg} sin 0d#,



16 AGHIL ALAEE, MARCUS KHURI, AND HARI KUNDURI

with O = (U, V, W, ¢!, ¢ x, ¢, 9%).
Consider now the case in which B is diffeomorphic to S* x S2, that is when the same Killing vector
n(2) vanishes at both x = £1. Define the reparameterization

(6.22) A = e2U+V cosh W, Aog = eQU*V(l — x2) cosh W, A2 = e?U\/1 — 22sinh W,

where

(6.23) V =V +2hy + h.

In a similar fashion to the computations above
(12 (1 (0, det \)? Tr()\_lﬁx)\)2> 1

(6.24) 8 (det \)2 8

1-—2a?
1— 2 2 =\ 2 2 . 12 = 2 z Y
== {1200 + (0V) 4 (0W)? + sk W (0,7 = 20,1)° ) + S0, (V = 6U) — 1,
and
L _or-le + L o + L) PIAT o
4det A 7 T 4det AT 40" *
e—4h1—6U—-V _ _ 2
(6.25) :W(Gi)z + e 8 =UHV cosh W/ (€2h1—v tanh WOL — @i)
—2U-V _ _
+ iosh (0001 e M2V cosh W (e tanh WO — 0,9%) + 0T,
Moreover in the current setting the lack of conical singularities yields
_ CQ
. —6Uu+v _ Y7
(620 i, =5
so that
_ e=1 C2 C2
(6.27) z&(V —6U) = (£(1) +&(—1)) log (2) = 20 log (2) .
r=—1
Therefore
327
(6.28) J=Tg1,52 + a¢log <A7;> - Bg,
where
(6.29) B = /1 (1—a?) ()" +¢) dx
¢ 2
and
1 (7 - -
Tg1y 52 =1 / 5{12 (89U)2 + (89V)2 + (89W)2 + sinh? W (89V - 269]11)2
0
e—4h1—6U-V _ _ 2
+ e (0))% + eIV osh W <e2h1_v tanh WO, — @3)
(6.30) cosh W
—2U-V _ _
+ iosh W (891/}1)2 + e MM =2U+V (gh W(e2h1_v tanh Waewl — 891/)2)2
A \? _
+e M UYE 4 3A <2 \/%2) e W — ¢ (—2V 4 12U) 9p(cos eg)aghz} sin 0do.
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It turns out that the two classes of functionals may be expressed in a unified fashion with the help
of a parameter s, which takes the value 0 for the lens family of topologies and the value 1 for the
topology S* x S2. The relation between topology and the values of (p, q,s) is given by

B=S3 s=0, p=1, ¢=0,
B=2S'xS% s=1, p=1, ¢=0.
Note that, in the ring case, the values of p and ¢ do not coincide with those used earlier in the

section. The purpose for using these values here is to unify the expression for the functional below.
Let

T 2
(6.32) Vs =V + 2shy + shs, Bg = / ((695) + 3+ s§> sin 6d#,
0 2¢ 4
then
N 3274 .

where

(V)

1 iy

:4/ 5{12 (BpU)? + (89V)? + (0pW)? + sinh® W (9pV + ghs)?
0
6—6h1—h2—6U—V _ _ _ 2

+ p? p— (0})% + p?eSmtha=6UHV ¢oh T/ (e*hrv tanh WO, — @5)
(6.34) ge e UV o ohithe—2U4V hy-V 1 72)2

+p p— (Ogp™)* + pee =iz cosh W (e 7" tanh Woptp™ — 0p1p*)

A Y e
2/ 272

-t [21/589 <[1 — 25 cos® g} §> + 12U 0y (cos 95)] 89}12} sin 0d6.

+pPe~t—aUT2 | g2 <

Proposition 6.1. Let (M,g, F) be a bi-axisymmetric solution of 5-dimensional minimal supergrav-
ity, and let B be a bi-azisymmetric stable MOTS, then

Ip(¥)—Bg
44/372 B ¢
> Le 2a¢ .

(6.35) A

p
Proof. According to (4.30) the area functional satisfies 7 < 0. The desired result then follows from
(6.33). O

7. CONVEXITY OF THE AREA FUNCTIONAL AND MINIMIZATION

Consider the 3-sphere S parameterized by Hopf coordinates (6, ¢!, $?), where 6 € [0,7] and
#" € [0, 27], in which the round metric is expressed as

o> | 1,2 2 22
(7.1) e +sin®(0/2)(d¢" )* + cos“(0/2)(d¢*)*,
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with volume form

(7.2) qy = S

== do A dot A do>.

Recall that the symmetric space Gy(9)/SO(4) = R® comes equipped with a complete metric [2] of
nonpositive curvature given by

—6u—v
G =12du* + cosh? wdv? + dw? + p2eT(@1)2 + p2e 0 cosh w(e ™ tanh wO! — ©2)2
(7.3) s coshw
+ P26T(d1/_}1)2 + p?e” 2T cosh w(e ™" tanh wdyp' — dip?)? + p?e~ 4472,
cosh w

Let © C S3, then the quasi-harmonic energy on this domain of maps ¥ = (u,v,w, Y, ¢2 x, ¥t 4?)
S3\ T — Ga2)/SO(4), where I is the union of the two circles 6 = 0,7, is defined by

_ 1 e—6u—v _
Eq (V) = /95{12(8915)2 + cosh? w(9pv)? + (Jpw)? + p* p—— (6,)?
—2u—v
+ p?e %+ coshw (e tanh wO — (:)3)2 +p? < (Dgtp1)?

cosh w
+ p?e 24TV coshw (e_” tanh wdppt — 8911_)2)2 + ple 1Y

2
+ 3p*A <2\/§ 2) e 4 gin? H}d]}.
T

This differs from the pure harmonic energy by the factor £ and the last term involving A. Next set
u=h; + U and v = he + V, and observe that in Hopf coordinates

1 0
. 1 = = logsind, o = log tan —.
7.5 h 21 in 6 hy =1 5

With the help of the identity

cos

(7.6) Oph1 = =

Ogha,

it follows that

(7.7)  12£6(0pU)? = 12€(9gu)? — 3¢ cos?® B(Dgha)? — 1205 (£U cos 0) Dghy + 12U 0y (€ cos 0)Dgha,
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and
£(0pVi)? =€ (Dgv + 259phy + (5 — 1)Dpha)?
2
=£(0pv)* + € | 250ph1 + (s — 1)Dpha |+ 2£09v (2509h1 + (s — 1)Dphs)
Bphs
=£(9pv)? + &(Ophs)” + 2609 (Vs — hs)phs
(7.8) =£(0pv)* — £(Dphs)® + 2609VaDphs

2
=£(0pv)? — € <25 cos? g - 1) (Opha)? + 2¢ (25 cos? g - 1> 0pVsOgha

2
:€<891}>2 — £ (23 cos? g — 1) ((99h2)2 + 209y <§ (23 COSQg — 1) Vs> Opho

— 2Vi0p <§ <25 cos? g — 1)) Opho.

Therefore, integration by parts and Jp (sin9phs) = 0 show that the area functional and quasi-
Ta(¥) ~Ea(D) - [

harmonic energy are related by
2 0 ? 2 2
& [2scos 3 1) +3cos“0 | (Ogha)“dV
(7.9) @

+/ 19 <2 (25 cos? Q — 1> Vs — 12 cos 0U> OyhodA
80 2

where v is the unit outer normal and Zq is the area functional (6.34) restricted to €.

Let ¥o = (Uy, Vo, Wo, C&, Cg , X0, w(l), ng) be a renormalized quasi-harmonic map arising from the
near-horizon geometry of the relevant model extreme black hole (mentioned in the statement of each
theorem in Section 2). In the appendix ¥ is given explicitly, and it can be shown that ¥g is a
critical point of Zp. The goal of this section is to establish ¥ as the global minimum point for Zg.

Theorem 7.1. Suppose that ¥ = (U, V,W, (', (% x, ¢!, ?) is smooth and satisfies the asymptotics
(7.15)-(7.19) with x|r = xolr, ¢lr = ¢Ir, and Yi|r = Yi|r, i = 1,2. Then there exists a constant
C > 0 such that

2
(7.10) Ta(¥) — Tp(Wg) > 0/53 (distG2<2)/SO(4)(\I/, b) — D> dv,

where D denotes the average value of distGQ(Q)/SOM)(\iJ, Tp).

The proof is based on a convexity argument. Namely, due to the fact that the target symmetric
space Go(2)/SO(4) is nonpositively curved, and A > 0, the quasi-harmonic energy F is convex under
geodesic deformations. The functional Zg then inherits such convexity as a result of (7.9), which
leads to the desired gap bound (7.10). However, since the energy of the maps in question is infinite,
a cut-and-paste argument away from the set Q. = {(6,¢',¢?) | sinf > ¢} is needed to apply the
convexity property.

We first record all relevant asymptotic behavior. As § — 0,7 the renormalized quasi-harmonic
map satisfies

(7.11) U(), C&, Cg,X() = O(l), W[) = O(sinH), 8.9U(), 89)(0, 891/16 = O(sin 9), (%Wg = O(l),
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(712) Vo = O(l) .9 T , OgVo = O(Slng) . 5= )
—2log (sin§) +O(1) s=1 —cot 5 +O(sinf) s=1
L2060y 20\ . _
(7.13) Yl = {ggil)n 2) s (1) . Y= {ggi‘;s 2) 8 (1) . 82=0(sin?), s=1,
s = S =

(7.14) %:{sﬁgmma) =0 aacgz{008220<sin9> 5=0

O(sin6) s=1 O(sin @) s=1"

Similarly the components of the given map ¥ should satisfy

(7.15) U, ¢t x=0(1), W = O(sin#), OeW = O(1),
(7.16) Vo o(1) ., s=0 7 0V — O(smg) . s=0 7
—2log (sing) +O(1) s=1 —cot 5 +O(sinf) s=1

N 0y
(717) ol = {O( sing) s 0’ W2 = {O( cosz) s O’ 02 = O(sin20), s=1,
1

O(1) s=1 O(1) 5=
: . JO(Vsing) s=
(7.18) 0pU, 0px = O(sinf), Opyp* = {OESi:;) ) z L
(7.19) gpct — {5 50Gne) s=0 o o [yfcos§O(sing) s =0
O(sin0) s=1 O(sin 0) s=1

Next, in order to carry out the cut-and-paste procedure define a Lipschitz cut-off function

0 if sinf < ¢,
(7.20) 0e = W if & < sinf < \/,
1 if sinf > /e,
and let
(7.21) Ve = (U, Ve, We, (2, G2 X 002, 92) = (U, @2) = (U, @ + 92 (2 — Do)

so that \IJE = (Ua ‘/07 W07 4.(%7 Cga X0, d%a %ZJ(%) on 53 \ Qz—:-
Lemma 7.2. lim. 0 Zp(V.) = Zg(¥).
Proof. Observe that

(7.22) Zp(Ve) = Ip(¥Ye) sin o<e t IB(‘IIE)|€<Sin9<\/E + IB(‘Ps)|sin 0>./2"
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and by dominated convergence theorem Zp(V: )|y, 9>,z — Zg(V). Furthermore the first term on the
right-hand side converges to zero since

1
ZB(¥e)|sino<e =2 / §{ 12([‘)9[])2 + (0pVoy + 250ph1 + 839h2)2 + ((%WO)Q
T Jsinf<e — ———
O(sin? 0) O(sin? 0) O(sin? 0)
inh® Wy (Vo + Ophs)? 492 —2U-Vj COtg 912
I Wo GaVo + ko) 47 D Ggeosnwg 2l
O(sin? 0) O(csc? 0) O(]_) s=0 O(sin? 0)
O(sin?g) s=1
0
(7.23) 42 —6U—V} cot 3 61)2
P e sin® 6 cosh W} LQL
O(1) 5=0 O(sin?ftanf) s=0
O(sin® g) s=1 O(sin? 0) s=1
_ tan ¢ cosh Wy / - _ 2 ~\?
+p? o—6U+Vo Zm—39 (@3 —e Vot 5 tanh Wo@(l]) }dv
o) - s=0 O(sin2 )
O(csc”3) s=
1 2 U4V tan § cosh Wo oy b -\
+ 12 noee f{p e Ty Optpy — €™ "° cot 5 tanh Wo0g1)y
O(l) s=10 O(sin? 6)
O(sin2 g) s=1
2 2
p —4U 2 2 A —4U
—_ T 3p“A ay
HTRrA Lﬂ‘.« op <2ﬁw2> 6\"/}
O() o(sin26) o)

1 12 2 0

- 2 p 1— 2scos? ~ .
2 /sin9<€ {sin@ Udy (cos b¢) +sin0 (Vo + 2shy + sha) O ([ s cos 2] §> }dV
B o(1)

o)

Now consider the region W, = {6 € [0, 7] |e < sinf < \/e}. Let I;, i = 1,...,12 denote integrals

over W of the terms in (7.23) with ® replaced by ®.. Then each such integral vanishes in the limit
as ¢ = 0. To see this observe that

(7.24) Il < C/ (8@[])2 dVv =0 (8) y
1> v
O(sin? 0)

I <c / (99Vo + 250ph1 + s0ph2)? + (0gVo — BgV)2 + (V = Vo)2  (Dpw:)? dy
A ~ N—_——

O(sin? 6) O(sin? 0) o(1) O(cot? 0(log e)—2)
1
:O _—
(1ose)

(7.25)
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1
(7.26) I; < c/ (OgW)2 + (0pWo)2 + (W — Wp)®  (Dpie)? dv =0 ( ) .
. | =N Y~ Y——— —— |10g €|
o(1) o(1) O(1) O(cot? O(loge)—2)

Moreover, using sinh W, = O(sin 0) yields

I <c / Sin20 | gV — 0Vo) + (Opha)2 + (V = Vo)2  (Bpe)® | v
(7.27) ; —_——— e e e
O(sin? 9) O(csc? 0) o(1) O(cot? 0(loge)—2)
=0(e).

Next observe that since the values of the potentials of the two maps agree at the poles, it holds that
(7.28) €7 = GGl + Ix = xo + |9 = 5| = O(sin® 0).
From this we find

O(Vsinf) s=0

7.29 Ipt| < ;
( ) 1Opvz] < O(sin 0) s=1

|00¢"| + [Bpt| + |9 — 96100 pc| = {

—— —_— ———
O(m) s—0 O(sin ) |loge|~1O(sin 0)
O(sin @) s=1

and similar considerations produce
1 -1 1 9 = _ . in s =
(7.30) .| < | Og.sl O(Vsinf) s O7 61| < O(\/sm?smG) s 0.
O(sin6) s=1 |loge|'~O(sinf) s=1

It follows that

~  Jw. sind cosh W, — ’
ooy oo a-o
O (sin? g) o — O(sin“f) s=1
cot & e~ Ve—6U =
7.32 Is < 2 0.)? dy
( ) 6= C/WE sin> @ cosh W, (\izz ’
O(sin ¢ sin?60) s=0
0(1) s=0 s
O (sin? %) s O(sin” 0) s=1
tany v e 52 _ o~Ve oot 012
(7.33) I; <c . S 6 e coshW, (©Z —e™ "= cot B tanh W.©_)* dV,

{O(l) s=0 O(sin g sin? ) s=0
- |loge|20(sin?0) s=1
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(7.34) Iy < c/ (sinf) 2 e~ T |? av.
c o1
W |loge|20(sinf), s=0
O(sin? 6), s=1
Analogous estimates hold for the remaining integrals Ig, I1g, I11, and Io. O

A basic property of the harmonic energy, for maps into nonpositively curved target spaces, is
convexity along geodesic deformations. When the cosmological constant is nonnegative this property
carries over to the quasi-harmonic energy (7.4).

Proposition 7.3. Let 2 C S3 be a domain which does not contain either of the poles 0 = 0,7, and
let U': Q — Go(a)/SO(4) be a family of smooth maps which are geodesics in t € [0,1]. Then
d2

7.35
( ) dtQ

E (\I/t /IVdIStG2(2)/SO(4)<\II \I/ )‘ dy.

Proof. The quasi-harmonic energy of the map W' = (ug, vs, wy, C}, G2, Xt W1, ¥2) is the sum of the
pure harmonic energy scaled by ¢ and a term involving the cosmological constant, namely

2
7% 3) / Ee 4t sin? Oy
m Q
where the energy density is

(7.37) |dW|2 = 4G o0y (W) P oy (0H)C.

Since G'y(2)/SO(4) is nonpositively curved the pure harmonic energy is convex along geodesics [37],
and the same is true for the scaling by £. In particular, using that £ > 1 it holds that

(7.36) Eq(¥) = / £|ldUt2dy + 3p°A (

(738) dt2 / f|d\I/t|2dV > 2/ |VdIStG2<2)/SO(4)(\If \I/ )| dy.
Thus, it remains to show that
(7.39) OFe 1 = 4(—iiy + 4ut)e M = 4 [Ftécat(\ift)Bat(\iﬁ)C + 443 | et > 0,
where 4; = O;u; and the geodesic equation
(740) U + I‘%C@t(\flt)Bat(\ilt)C =0
was used.
The Christoffel symbols may be computed as follows
(7.41) Fu=Tw, =Ty =Tu,= FZCZ = FZW =Ty =0,
(7.42) re, = cm I‘:jw Iy = D F;fjcl FZW Iy =0,
1 1 1 1 »
(743) FZLZC] = ZGC{], Fgle = ZGCW’)J, FZX = ZGCiX? F;X = 1GXX — Ee u,
1 2 o 2 2
(7.44) Phign = 7Gprgr — Mfme u—v _ %e 2= sinh w tanh w — %e du(4h?2)2,
P’ P4 1 4u, 72
u _ —4u u _ T —4u
(745) FQ,/Zl’lZ) — Gwle + 3 Slnhw+ QJZ) ¢ 3 FQJJIX — 4G,¢)1X 6\/7 'QD 5
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(7.46) Uy = EG* - p—26_4“151 rs, -, = lG* 72 — ie_‘l“(zﬁl)Q - p—26_2“+” cosh w

' PXT 4TV 63 S e T 6 '
Let
140 =Gt (et O - D). o=t (R - 00D,
and observe that

) 2 2 .2 o preTOT iy
‘at\I/ G :12Ut + cosh WUy +wt + Thwt(@t)
. . 2 —2ut—vt -
(7.48) + pleGutv cogh wy(e” " tanh wt@% — @?)2 + pe (1/11:1)2
cosh wy
+ p?e~2uH cosh wy (e~ tanh wtz/_Jtl — 1@52)2 + p26_4utT?.
Therefore
u o (5B, (FHC pPre T e P 6wt v A1 5212
Be (B4 B o, (Th) m(@t) + T cosh w (e tanh w;©; — O7)
7.49 PPeTHT o P gut - 17232
( : ) + m(wt) + ﬁe cosh wt(e tanh wyp, — 1/11:)
2
pe o .
+ Ee 4utT%,

confirming that (7.39) is nonegative. O

It is now possible to prove the main result of this section.

Proof of Theorem 7.1. Let WL, t € [0,1] be the minimizing geodesic in Go(2)/SO(4) connecting T
to W.. Then Ul = Uy + t(U — Up) and V£ = Vj on S%\ Q.. Observe that

(7.50) —Ip(¥,) = @Igs(‘lls) + WISG\QE(\I’E) .

According to Proposition 7.3 and (7.9) we have

I @ 1 1p (B — d21/5 2scos? 0 1 2+3 20 | (Opho)?dV
1= a2z 724 0. 5 cos 2 cos o ho

2
(7.51) + 57:24/ ¢ (2 <25 cos? g - 1> (Vi)o — 12 cos 0 (Up + t(U — UO))> O, hadA

>3 / |V dista, , /s0@) (Pe, Yo)[PdV.
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Furthermore, using that distG2(2>/50(4)(\i16, o) = V12|u — up| on 53\ Q. yields

_ 2
- 4n? D cosh Wy (©0)

+36(U — Up)2e~0mtha=6U+Vo sk W (e "2~V tanh W04 — ©32)>
o—2h1—ha—2U" Vg

1 9 24 ) 26—6h1—h2—6Ut—V0 B
Is /SS\Q pE 7(8@(] — 0pUp)” + 36(U — Uy)

4(U - Up)? p5)?
(7.52) PO
+A(U — Up)?e+h2 =200 cosh Wy (e 727 Y0 tanh Wodpthy — 9p12)>
AN '
+16(U — Up)2e =40 (1)2 + 48 < ) U —Up)2e V" Ldy
( 0) (To) NP ( 0)
Zﬁ s\ \V distG2(2)/SO(4)(\f/€,\T/g)|2dV.
Note that passing % inside the integral is justified here since all terms on the right-hand side of

(7.52) are uniformly integrable.
Next using the fact that Uq is a critical point of the functional Zg, as well as the fact that in a
neighborhood of the poles

d d d d d ; ,
(7.53) avst = aWet =% o= axz = %%i =0, =12,
shows
d U
(7.54) —Ip(Vh)|  =6£(U — Up)dpUpsinf| = 0.
dt t=0 0

Now combine (7.50)-(7.52) and (7.54) to find

1 ) o
IB(‘IJE) - IB(\I’O) 282/ |V dlStGQ(g)/SO(4) (\IIE; \IJO)‘QdV
Y g3
(7.55) 2
>C . (distg2(2>/50(4)(\115, o) — De) v,

where the second line arises from the Poincaré inequality and D, is the average value of the distance
between U, and Uy. By Lemma 7.2 lim._,o Z3(¥.) = Zp(¥), so the proof will be complete if it can
be shown that this limit may be passed inside the integral. To accomplish this, observe that by the
triangle inequality it is enough to verify

(7.56) lim | distg, , /so()(Pe, ¥)dV = 0.

e—0 S3
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The triangle inequality implies
diste, ., /s0(4) (., V)
. 1 2 1 2 1 2 1 2
S dlStG2<2)/SO(4)((ua Ve, We, Cs ) Cg » Xes ¢5 ) wa)a (U, VU, We, Ca ) C@ » Xes waa wg))
+ diStG2<2)/SO(4)((uv VU, We, Calv Cgv Xes djga 77[1?)7 (uv v, w, Celv Cga Xes 77[);» 7/)?))
+ -+ diStG’Q(Q)/SOM)((u? v, w, g17 C27 X ¢17 ?ﬁ?), (U, v, w, Clv CQa X wlv ¢2))

1 1
SC{W — Ve| + [w — w| +e % 6_2v|§1 - <€1| + €2v’<2 - Ct?’)

(7.57) L <e5”<\w1| AN + e2¥ (2] + w%n) X = el

fe ((W\ AN + WRDe 2 + (1] + wénze%“) |

1
v

e (1] W%+ 0021+ 1D W21+ 1Ded™ ) 197 - o2
e (I = Xel + (024 WEDIET = w2| + (0 + g [v® — v2))

e <e5”|¢1 ey — w?r) }

where it was used that distances between points of G5(9)/SO(4) are dominated by the length of con-
necting coordinate lines. Since all terms on the right-hand side are uniformly bounded independent
of €, (7.56) follows from the dominated convergence theorem. O

8. PROOF OF THE MAIN RESULTS

Proof of Theorems 2.1, 2.2, 2.3. From the spacetime (M, g, F') and stable MOTS we obtain the
map ¥ as explained in Sections 5 and 6. Since A = 0 it holds that a¢ = 1, so that by Proposition
6.1

4+/372 LR

p e .
Let Wy be the renormalized harmonic map arising from the near horizon geometry of the relevant
model extreme black hole (mentioned in the statement of each theorem) having angular momentum
and charges that agree with those of the given MOTS. Then according Theorem 7.1
44372 1s0-8] _ 4+/37% Ip(vo) -
e 2 > e 2

p p
where Ay is the area of the horizon for the relevant model extreme black hole. Note that the equality
in (8.2) follows from the fact that the function M vanishes at Uy, as is shown in Section 5. In the
appendices the value of Ag is computed in terms of angular momentum and charges. This, together
with (8.1) and (8.2) yields the desired area-angular momentum-charge inequality for each theorem.
In the case this inequality is saturated, we must have Zg(¥V) = Zg(¥y) which implies by the gap
bound that dist, @/ 50(4)(@, Uy) is constant. Since ¥ realizes the infimum of the functional Zg, it is

(8.1) A>

(8.2)

= A07

a critical point and hence a harmonic map. According to [1] the two maps ¥ and ¥y must then be
related by an isometry in the target symmetric space. The Maxwell field F' may then be reconstructed
from W via (4.15), and thus (B, 7, F') must arise from the relevant near horizon geometry. O
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Before proceeding to the proof of Theorem 2.4 we need a preliminary result.

Lemma 8.1. (a) Given (A, J1,J2) € ]R%_ x R_ with J = J1 = £Jo2, there exists a unique
(fl, jl, jz) € ]R?|r x R_ with J = J, = +J which saturates

3
atas (AVAZEBIRT? - 42 - 12872 7%)
<
10,6 72 — 4
20T (4- vAz55127272)

(8.3)

)

and satisfies

o J =9 o 7'['2
. = — < .
(8.4) J=gh A<

Moreover, the inequality (8.3) is equivalent to A> A.
(b) Given (A, Q) € R2, there exists a unique (A, Q) € R2 which saturates

12 (Ar\*®  3A42
2

. < = il
(8:5) @ =< 6472 ( 2 > 3272’
and satisfies

. Q. -2

. =—A A< .
(56) Q=34 Az
Moreover, the inequality (8.5) is equivalent to A> A.
Proof. Consider part (a) when J; = —Jo; similar arguments hold when [J; = J>. We may assume
without loss of generality that [J; > 0. Define the curve

N o T2 J J

(8.7 ) = (A 5020 = (7. 5572 5o ) = (o)

in Ri x R_. Then for small 7 each side of the inequality satisfies

A3A6(7—) ) (A(T) \/A2(7—) T 5127]_2\72(7_) . AQ(T) B 1287]_2\72(7_))3

8 A0
210m0 (1) (A -~ V2 5122 77())

N17

so that the inequality holds on the curve f. For large 7 it is clear that the inequality is reversed. It

follows that there exists a time 7 = A for which the inequality is saturated. Further analysis of the

2
. . S . < _m
roots of the associated polynomial show that this time is unique for 7 < Jons

In order to establish the last statement in part (a), we interpret ]R?ir as having a vertical J-axis
and horizontal A-axis. Observe that inequality (8.3) corresponds to all points lying below the surface
defined by equality in (8.3); this is similar to Figure 1 in Appendix A. According to the description
of A above, it follows that A < A if and only if the inequality (8.3) is satisfied.

Similar arguments may be used to establish part (b) with the curve

(89) 1) = (4. Q) = (%)

in Ri. O
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Proof of Theorem 2.4. We will provide details only for part (a), as similar arguments may be used
for part (b). Let ¥ be the map obtained from the spacetime (M, g, F) as explained in Sections 5
and 6, and let (A, J1, J2) be the area and angular momenta of the stable MOTS. Lemma 8.1 states
that there exist corresponding values (/1, T, jg) which arise from an extreme CCLP black hole, and
are such that the desired inequality (2.14) is equivalent to showing A > A. Let a and b be the
angular momentum parameters for this extreme CCLP solution (these quantities are given implicitly
in terms of J; and J» by the equations (A.17)), and set

I :(U7 V? W? 617 62727 /lﬁ171;2)

. N 3/2 N\ 3/2 A N\ 1/2 N\ 1/2
(8.10) 1. A AN (AN LA (AT, (AT,
= U‘*‘ilOngV;VVa a ¢, 1 C?ZX; a (e 2 (0
According to Theorem 7.1
(8.11) IS3( ) > 153(\110)

where ¥ denotes the extreme CCLP map with the same angular momenta jl jg, and Iss represents
the functional Zgs defined with respect to the quantities a, b and A. Next observe that

. A s A
(8.12) Zg3(V) = Lgs(¥) — 3oz log 1
and therefore with the help of Proposition 6.1
253(\1/)7622 5 Zg3(9)—BY
—5a— 4 A3/2 ="
(8.13) A>4/3r% ¢ = Le 2

A3/2
By combining (8.11) and (8.13) we obtain at A > A, since

153(‘1’0)732

(8.14) 43rle 6 = A

Consider now the case of equality in (2. 14) By the proof of Lemma 8.1 this implies that
(A, T, J) = (A, Ji,J2), and hence ¥ = W, ¥y = ¥y, Furthermore Zgs(¥) = Zgs(P¥y), which
as in the above proof of Theorems 2.1, 2.2, and 2.3 yields ¥ = W, up to isometry in the target
symmetric space. From here the same arguments apply to show that (B,, F') must arise from the
near-horizon geometry of the extreme CCLP black hole. g

APPENDIX A. THE CCLP CHARGED ROTATING DE SITTER BLACK HOLE

A.1. The Solution. Consider 5-dimensional minimal supergravity with a positive cosmological con-
stant with action (2.1). The Chong-Cvetic-Lu-Pope (CCLP) solution [5] may be interpreted as the
natural generalization of the Kerr-Newman de Sitter black hole to 5 dimensions. In Boyer-Lindquist
coordinates the solution takes the form
€[(1 - Ar?) Xdt + 2qv] dt 2w f (gt ?
BBy SEEMSE “
Ydr?  Rdo?  r?+ a2 ~ r? + b?

+ +—— sin?0(dp")? + ——— cos® 0(dp?
A e e s (a0 T cos Do)

g ==

—_—

—a—b

(A1)
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where
~ ~ a1 142
(A.2) v = bsin? 0dé' + a cos? 0d¢?, w = asin? d_¢ + bcos? 9@,
Ea =

(r? + a?)(r? + v*)(1 — Ar?) + ¢% + 2abq
- _
,

(A.3) £ =1+A(a®cos® 0+ b*sin’h), A= 2m,

(A4) ¥ =r>4b?sin? 6+a® cos® 0, B = 1+a?A, 2y = 1+ V%A, f = (2m—2abgA) X —¢>.
The Maxwell field F' = d.A has the potential

(A.5) A:\/gq( bdt —w).

S ==

ZaSb

The above solution is characterized by the parameters (m,a,b, q) and for a suitable range of param-
eters they describe regular black holes on and outside an event horizon up to a cosmological horizon
whose scale is set by the length scale £2 = A~!. If A = 0 the solution is considerably simpler as we
discuss below. Here t € R, 6 € (0,7/2), and ¢ ~ ¢' + 2m. Apart from coordinate singularities at
6 = 0,7/2 where the rotational Killing fields 9/0¢' degenerate, there are singularities at the roots
of A(r). These correspond to an inner horizon, an outer horizon, and a cosmological horizon for
suitable choice of parameters. In particular for the subfamily of extreme black holes we require the
cubic function A(R) with R = r? to have three real positive roots, two of which coincide. This
condition is equivalent to requiring the discriminant of the cubic A(R) vanishes, which reduces to
an equation of the form f(a,b,q, m) = 0 for a smooth function f. The implicit function theorem will
guarantee that, generically in some open set in parameter space, a solution m = m(a, b, q) exists.
If we set Ry to be a root we can eliminate m by

(Ry +a®)(Rs +0%)(1 = Ry A) + ¢° + 2abg

A.6 =

(A.6) m 2R,

and R, is a double root provided

(A7) AR.(2R; +a® +b%) = R2 — (ab + q)?,

which implies Ry > |ab + ¢| with equality if and only if A = 0. We will take ¢ > 0 (below we will
see this is equivalent to choosing electric charge @@ > 0) and assume ab + g > 0. Finally we require
that the cosmological horizon R. > R, that is

(A.8) (a® + b%)(ab + q)® + 3(ab + ¢)*Ry — R® > 0.

In summary, the extreme family is parameterized by (R, a, b, q) which satisfy the extremality con-
straint (A.7).

Defining . = /R, we can derive the quasi-harmonic map data corresponding to the near-horizon
geometry associated to the extreme subfamily of black holes. The horizon metric is

Zry

(A.9) Ymndy " dy" = ¢

d6? + \ijdoide’,

where X, = ’I“_Qi_ + b%sin? 0 + a2 cos? f and

(r2 +a?)sin?0  a[a (2mE,, — ¢?) + 2bg%,, | sin 6
= + N2 =2 ’

—
—aq 7‘+‘_‘CL

(A.10) A1 =



30 AGHIL ALAEE, MARCUS KHURI, AND HARI KUNDURI

(A.11) Aoy = (rf +b°) cos” 4 b[b(2mE,, — ¢*) + 2aq%,, | cos* 0

Eb 2%+ :g )
(A.12) Ao = [ab (2m%,, — ¢%) + (a® + b)¢%,, | sin® 0 cos® 6
’ 12 - — 9
E%+‘:‘b:a

and the horizon area is A = 872C~1 where
rt 4+ 12 (a® + b?) + ab(ab + q)

A.13 cl= ——
( ) dr o=y
It is straightforward to read off the magnetic potentials
V3aq sin? 6 V/3bq cos 9
(A.14) Yo = o> Vo= e
.:QET+ Hb2T+

A somewhat longer calculation gives Y, and hence the potential
V3q(b? +r2) (0 +12)
EaZp(a? — 0?)%,,
The computation of the charged twist potentials Cé is involved and yields cumbersome expressions

which we will omit here, although we will record the asymptotic behavior relevant for the convexity
argument below. Using the quasi-harmonic map potentials one can calculate the electric charge

V3mq

4'—‘a~b

(A.15) X0 =—

(A.16) Q=

and angular momenta associated to the black hole horizon

2am 4+ gb (2 — 2, 2bm+qa (2 — =
(A17) \.71:71-[ ,—?2( )]7 ‘72:7r[ 4Hq —‘(2 b)] :

Zb ZaZy

The estimates of the quasi-harmonic map as 60— 0,7 /2 will now be collected. Recall that in terms
of our parametrization for spherical topology, we have

1 E(rt + (a® + b*)r + a?b* + abg)? 1 11 cos?
7 log e ;o Vo=glog | ———
4 4%, r3 =252 2

(A.18) Up = :

[NVIS-NINGTISN

M990 Sin

The required asymptotic behavior of the scalars is

1 An2(a2 + 72 )3 _ 3
(A.19) Vo = 3 log (%) +O0(sin?20), 93V = O(sin 26),

1 = A2 9o .
(A20) Uy = Z lOg m + O(Sln 29)1 8§UO = O(Sln 20)7
(A.21) Wo = O(sin20),  9;Wy = O(1),
(A.22) Y§ = O(sin? §), dzh = O(sin 6), Y2 = O(cos? ), 9505 = O(sin 9),
(A.23) (= —2—‘71 +O0(sin*d)  as 6 — 0, (= 2—‘71 +O(cos?) as 6 — /2,

2 ~ 2 ~
(A.24) ¢ = —é +O(sin?f) as 6 — 0, ¢ = é + O(cos*f)  as 6 — m/2,
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(A.25) X0 = Q +O0(sin?f)  as 6 — 0, X0 = e +0(cos®0) as 0 — w2,
T T
(A.26) J5x0 = O(sin 26), 9;¢y = sin 200(sin? 9), 955 = sin 200(cos? 6).

A.2. Geometric Equalities Satisfied by the CCLP Black Hole Horizon. In this section we
consider some special subfamilies of the three-parameter family of extreme horizons.

A.2.1. Vanishing Cosmological Constant A = 0. In this case the geometry simplifies significantly as
we can express R explicitly in terms of the parameters as ri = R, =ab+ q > 0, or equivalently

2
(A.27) m=q+ (‘”zb) .
The extreme horizon area satisfies
47
A28 Ao =8, M2 N To + —=Q3,
( ) \/ 1J2 3 \/§Q

and positivity is guaranteed by ab + q¢ > 0. Note that if set ) = 0, we recover the vacuum result
obtained by Hollands [21]. Moreover, if either J; is set to zero, then we obtain

47
3V3

This holds in particular for an extreme Reissner-Nordstrom horizon.

(A.29) A, =8 Q3.

A.2.2. Vanishing Angular Momenta J; = 0. It is sufficient (although not necessary) to set a = b = 0.
In this case the extremality condition (A.7) reads

(A.30) 2AR3 = R% — ¢°,
and the mass parameter is fixed by

R% + 3¢?
A31 =
(A.31) IR,

The geometry of the horizon is that of a round S2, with area A = 27T2R3_/ % and using (A.30) gives

the geometric relation

mAe 43 2 _ 212
(A.32) 6 5 —3AAZ = 321°Q)7,

or equivalently

3/2 2117'('4@3
_ a2 (g2 _ 2/3 _ _
(A.33) £(Ae, Q) = A2 (47r 2A (47 A) ) N
It can be seen that
(A.34) 0< A< Ay = 0< Q< Qe = ——
M — e = max—m’ — — max—12A-

Amax is achieved when @Q = 0 and the cosmological and event horizon coincide.
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Q
Qmax ””””””

FIGURE 1. The shaded region represents the region £(A, Q) > 0.

A.2.3. FEqual Angular Momenta J = J1 = £J2 and Vanishing Electric Charge Q = 0. Consider the
one-parameter subset defined by a = b > 0 and ¢ = 0. Then from (A.7) we find

(A.35) a®> =Ry (1-2R;A), m=2R,(1—-R,A)>
so that Ry < (2A)~!. The area of the extreme horizon is given by
3/2
87T2RJr
(14+ 2R A)?
This implies the following complicated relation between A and J

3
asas (AeV/AZHBI2T7R? - A2 - 1287277)

(A.37) -
210m7 (40— v/AZ+ 512j27r2)4

From the above bound on R it follows that

(A.36) A, =

2 V2
T T
< < — < < = —.
(A38) 0 — Ae —= \/W7 0 = \7 = jmax 54A3/2
In the case J = 0 the maximal area occurs when the event horizon and cosmological horizon coincide,
while the maximum angular momentum is achieved when A, = 9%32.

APPENDIX B. DIPOLE CHARGED BLACK RINGS

An explicit 3-parameter family of asymptotically flat stationary bi-axisymmetric black ring so-
lutions, characterized by a mass m, vanishing electric charge (Q = 0, a single angular momenta J;
along the S'-direction of the black ring, and a ‘dipole charge’ D which corresponds to the flux of the
Maxwell field out of the S? portion of the ring, was constructed in [12]. In the physics literature this
class of solutions is referred to as the ‘singly-spinning dipole ring’ for this reason. If D = 0, then the
solution reduces to the vacuum black ring with one angular momentum [13]. A remarkable feature
of this solution is that it demonstrates ‘continuous non-uniqueness’ - that is, for fixed m, J7, there
are an infinite number of distinct dipole rings. When D = 0, the dipole ring admits a two-parameter
extreme limit. The associated near-horizon geometry, given in [33], corresponds to an extreme hori-
zon with ST x S? topology. Note that from the point of view of the near-horizon alone, the radius of



AREA-ANGULAR MOMENTUM-CHARGE INEQUALITIES 33

the S! is a free parameter although for the parent asymptotically flat black hole the radius is fixed.
Accordingly, we will leave it here as a free parameter R;. The harmonic map scalars can be read off
from the horizon metric

dx? i dax? Ric(1+o)H(x),, 1.9 Rgugwg(l -3 5
BL - Grgeny TAY = e T A R )T T ey @)
where
(B.2) F(z)=1+ox, H(z)=1- px,

and o, € (0,1). The local metric extends smoothly to a metric on S x S? provided conical
singularities are removed, which requires

(B.3) wo = /FH) = /F(—1)H(-1)%.
This imposes a constraint on the parameters o, u, given by
(B.4) 1+0)(1—p)?=(1-0)(1+n)?
which can actually be solved explicitly
(B.5) o = 3+ p?)
' 1+ 3p?
so that
1— u2)3
B.6 o

The solution is parameterized by (R1, Ra, o, i) subject to (B.5). We have also made the identification

o(1+o)p?
l—0o

(B.7) C ' =L3=wyR.R3

The remaining scalars are

(BS)  x0=0, CSZWH@(l_ ! ) gt — g3, [LF wonRa(l +2)

Rov/oud F(z) L+ p H(z)
and ¢ =¥ = 0.

By the definition of electric charge and xg = 0, we have @ = 0. The dipole charge is
2V3uRy (1 — pi?)

V1 + 3u?

where v = (0,1) corresponds to the fact that 7y is the Killing vector field which vanishes at the
poles of the S? of the ring horizon. The angular momenta can be derived from the twist charged
potentials, giving

o L3R, o B
(B.10) \71—5mwﬁ» J2=0.

The area of the extreme horizon is

(B.9) D = —v'(¢p(+1) — ¥h(=1)) = —¥§(+1) =

7T._71D3
3v3

(B.11) Ao = 8123 = 4n
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Note that there is no limit as D — 0 or J; — 0; that is, the extreme dipole ring requires both a
non-vanshing angular momenta along the S* direction of the ring, and a non-vanishing dipole charge.
Therefore the area inequality is

wJy D3
B.12 A>4 .
(B.12) =\ a3

Lastly, we set © = cos 6 and list the asymptotics of the harmonic map as 6 — 0, 7:

(B.13) Vo = —log <sin g) + O(1), 0pVp = — cot g + O(sin @),

3(1+ )33 + p?)R}

) + O(sin? 6), dpUy = O(sinb), Wy =0,

VI2(L— p*)pRy 56

B.15 2 — cos® = + O(sin? 9), dpp2 = O(sinb),

(B.15) (o 5211 5 T O( ) b1y = O(sinb)
2 2

(B.16) ¢} = _2h +O(sin®6)  as @ — 0, G = LA +O(sin®6)  as 6 — m, =0,
T T

(B.17) Xo=0,  9p¢4 = O(sin#).

APPENDIX C. A MAGNETICALLY CHARGED KERR STRING

Consider the class of extreme horizons with topology S' x S? obtained as follows. Start with a
general vacuum Kerr black hole solution. Add a flat direction to obtain the product metric

(Cl) g = 8Kerr + d2727

which is obviously Ricci flat in D = 5, and hence one has a vacuum solution with horizon topology
S1 x S? where z is periodically identified with period 27R. The resulting 3-parameter vacuum
solution is referred to as a ‘Kerr black string’. Note that the solution obtained is not asymptotically
flat but rather is asymptotically R>! x S'. Solution generating techniques, based on the underlying
harmonic map structure of the theory, can be used to generate solutions to minimal supergravity with
electric and magnetic charge (as measured from the D = 4 point of view) as well as linear momentum
along the string direction z. Taking an extreme limit of this charged Kerr string and performing the
near-horizon limit, we obtain extreme horizons with horizon topology S x S?. Remarkably, the near-
horizon geometry of the asymptotically flat vacuum black ring is globally isometric to a subfamily
of the near-horizon geometries of the vacuum Kerr black string [33]. This strongly suggests there
could be some (yet to be explicitly constructed) family of extreme charged black rings with horizon
geometry globally isometric to that of a charged Kerr black string.

In the following we will consider an extreme horizon parameterized by (a, 3, R), and we use the
shorthand cg = cosh 3, s3 = sinh 3. The Killing part of the metric is given by

at(1— 2?)

E(x)

+ | Rdo! +

Nijdoidg) = (2(cs + s%)d¢2)2

(C.2) 2a30355(c% + 8%)(1 )

do?|
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where

(C.3) E(x) = a?(1 + 22 + 40555)
The horizon scale is set by

(C.4) cl=1%= 2a2R(c% + 545).

It is easily seen that 9/0¢> has fixed points at x = +1, and the above metric extends smoothly to a
cohomogeneity-one metric on S' x S2. The remaining scalars are

L ) 4\/5@35563(6% + S%)l‘ 2\/§aL3Cﬂ55(6% + s%)
(05) 1/}0 =0, ’QDO == :(13) ) X0 = :(l') .

A computation gives

2L3Rac sg(1 — 22 + 4c3s
(C6) O} = po5 5) dz,

()2
3 4 61968 1 2,2 1 o4,.2
1) 02 — _4L (1+2s )(1+7852—|—1955+24551285+cﬁx + s )(1 ) de
‘ 0 (1+4c —l—a:Q) ’

[1]

ey

with twist potentials expressed concisely as

(C 8) Cl _ 2L3RGCIBSB$ C2 _ 4L3(I2(C% + S%)(l + S%C%)Jf le%

' o E) 0 E(x) 3
Owing to the functional form of xp, ¥j it can be verified that @ = 0, so the solution has vanishing
electric charge. There is a dipole charge

(C.9) D = 4V3acgss
as well as two angular momenta given by
(C.10) J = —WaR20555 , Jo = —27ra2R(c% + s%) .
One can verify that the following equality holds for the extreme solution
(C.11) A, =8r%C7 = 87r\/j JiD3.
? \f
Then the area inequality is
I
C.12 A>8m, | T} - J1D3.
(©12) N
Lastly, we set x = cos and list the asymptotics of the harmonic map as 8§ — 0, 7:
0 0
(C.13) Vo = —log (sin 2) + O(1), OgVp = — cot 7t O(sin#), Wy = O(sinb),
1
(C.14) Uy = 1 log (2R2a2) + O(sin? 9), 99Uy = O(sin6), Wy = O(1),
1 2 D .9 D
(C.15) Yy =0, Vg = D) +O(sin?0) ash —0, ¢2=— + O(sin®6) as 6 — m,
(C.16) Xo = QﬂaRsﬁCB(Qc% — 1) + O(sin?9), Jgxo = O(sinf) as @ — 0,m,

2 2
(C.17) G = —i 4+ O(sin?4)  as 6 — 0, G = i 4+ O(sin?4)  as 6 — T,
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2J 2.72

(C.18) (B =-""240(sin’0) ash —0, (¢ =""2+0(sin?0) ash —m,
(C.19) Do, 09C3, 0p¢2 = O(sin#),
(C.20) ! = O(sin ) db, 0% =O(sin®0)df as § — 0, .

APPENDIX D. LENS SPACE L(n,1) HORIZONS

The supergravity theory discussed here admits special classes of supersymmetric (BPS) solutions.
These are solutions which admit Killing spinors with respect to an appropriate connection. Within
the class of BPS solutions, there are asymptotically flat black hole solutions that must saturate the
bound M = v/3Q [20]. A BPS black hole is necessarily extreme (see e.g. [28]), so they immediately
give rise to near-horizon geometries that will be critical points of our harmonic map equations.

There is a classification (without any isometry assumptions) of possible BPS near-horizon geometry
solutions (g, F') [35]. The only possibilities are: (i) S x S? with a product metric and the S? metric is
round; (i) S® with a homogeneously squashed SU(2) x U(1) metric or a lens space quotient thereof.
There is also a T2 possibility with the flat metric, but this is ignored because such a horizon could
not correspond to an asymptotically flat black hole [18, 19]. Case (i) is realized by the family of
BPS black ring solutions [11]. The S3 possibility is realized by the asymptotically flat black hole
solutions [3, 31], and more recently asymptotically flat black holes with lens horizon L(n,1) have
been constructed in [32, 39).

The near-horizon geometries of case (ii) above are all locally isometric, with

27,2
(D.1) gNH = _rdv 4advdrd dr + ﬁ7"(1lv(algb1 5 cos@dqﬁZ) + ds3,

a? j
(D.2) Fxg = £d [ 28

(d¢1 cos «9d¢2)]

where j = \/2a3 — 2. The orientation is such that €vroplg2 > 0. The solution has two continuous
parameters «, 3 satisfying the regularity conditions o > 0, 2a® — 32 > 0. The angles ¢° both have
period 27 and € € (0, 7). The positive integer n labels the horizon metric

(D.3) Yo dy™dy' =

(d¢1 cos9d¢2> + 2a/(d6? + sin? 0(d¢?)?).

It is important to note that many references work with the angle gzg = 2¢' with period 47. A
computation yields the harmonic map

2V/3p 9 V38 cos b 43

D4 1 = - e 9
( ) wO na ) 1/}0 o ) X0 n Cos v,
165 cos @ 43 sin” @
D.5 L P 2_ P 7
( ) CO n2 ’ CO n
Thus the angular momenta and charge, as defined in terms of potentials given above, are
47 2v/3ra
(D.6) Jr = —Tf, J2 =0, Q= N

Observe that the angular momentum associated to dy2 vanishes. However, the angular momenta
defined on the horizon need not equal the ones computed at spatial infinity because the gauge fields
carry angular momenta in the black hole exterior. This is related to the fact the Maxwell equation
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has a ‘source’ term so that there are additional volume contributions when comparing integrals
over the horizon and the boundary S2 at infinity. Indeed, the black lens spacetimes must have two
non-vanishing angular momenta as measured with respect to observers at infinity.

The area formula is

3272 4nQ3
D.7 A, = —/2a3 — 52 =87 —n2J2.
( ) e n B 3 \/gﬂ_ 1
For n =1 this is the well-known formula for the area of the BMPV black hole [3].

Now we compute the asymptotics of the harmonic data. Observe that the Killing vectors ;) =
5041 — Ogo and 1) = 5041 + Oy2 vanish at § = 0 and 6 = , respectively. Clearly the direction
vectors are not same as in Section 6. However, according to [21], there exists a matrix A € SL(2,7Z)
such that

(D.8) i = Alng), ij=1,2,

and 7jya'y and fa" with a = (1,0) and a_ = (1,n) vanish at § = 0 and 6 = 7, respectively. In
other words, if we select the functions ¢’ such that Sﬁ(i)qgi =1, we have

n A ~d n A ong
(D.g) 77(1) = §6¢1 - 6¢2 = 8(251 = Mniay, 77(2) = §8¢1 - 8¢2 = 83)1 + n&(i)g =n;a_

The transformation from (¢!, ¢2) to (¢!, ¢?) is

9+ (Y

Then there exists a matrix B = <(1) le> such that (¢!, ¢2)T = B(¢', ¢2)T. Therefore we obtain

.. (9)-2(3). z-co-(4 1)

and A = ZT\Z. The metric functions are then

2
1 det A [ T - A
(D-12) 07108 (n2 sin2¢9> ’ o= < e2Vo sin 0 ) ’
1 cos? § ( A1 — N1 + )\22)
sin? % <"T)\11 +niig + )\22>
1/}0) T (1/11) ("1/11 - ¢2>
D.14 =7 =2 .
( ) <¢0 1/}2 §¢1 +w2
The asymptotics of the harmonic map as 8 — 0, 7 are as follows:
2
(D.15) Vo = flog ( ja > + O(sin? 6), 99V = O(sin0),
1 852 .
(D.16) Uy = 2 log gl B 09Uy = 0, Wy = O(sin6), Wy = O(1),

(D7) G =0 Y). Gyl = O(sing), ¥R =Olcos? ), 3y = Ofsind).
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(D.18) (= _2h + O(sin? Q) as § — 0, G = 2h + O(cos? Q) as § — m,
s 2 s 2
(D.19) X0 = Q + O(sin? Q) as 0 — 0, X0 = @ + O(cos? Q) as 0 — m,
s 2 T 2
(D.20) doxo = O(sinf), (2 =0(in?0),  9p¢s = O(sin6).
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